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1 GENERAL INTRODUCTION 
From ancient Israelite straw added bricks [1] and Egyptian laminated woods 
to German armors and Japanese sword blades [2], composite materials have long 
history of usage around the world. More recently, fiber-reinforced resin composites 
offer a great deal of promise as light and strong materials for high performance 
structures such as aircraft and space vehicles. In spite of the advantages that 
composites can provide, the application of fiber-reinforced composites is still limited 
due to the number of literatures available in understanding and developing a reliable 
procedure to predict composite failure. 
The fundamental difficulties associated with the analysis of the mechanical be­
havior of composite materials are the nonhomogeneous and anisotropic properties 
of the composites. In addition, the difficulties also arise from the uncertainties of 
the interfacial properties between the fibers and matrix or bonded laminae. More­
over, defects and imperfections that are introduced during manufacturing, such as 
broken fibers, voids, inclusions, and dislocations in the laminae, also affect the me­
chanical properties of the composites significantly. It would be very difficult, if not 
impossible, to establish a single model to describe all the mechanical responses of 
the composites. 
It is not the intention of this dissertation to resolve all the aforementioned 
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difficulties in the general problems of composite failure but rather to analyze the 
composite system with a pair of crack-like defects by scaling the size of the macro-
cracks and specimens such that the microstructure of the material can be neglected 
and the material homogeneity is assumed throughout the study. 
Chapter 2 is the continuation of author's M.S. program [3]. In author's M.S. 
thesis [3], fracture of a pair of collinear cracks in an infinite large plate is studied; 
and experiments on the fracture of PMMA plates containing two collinear cracks of 
equal length are carried out. In Chapter 2, stress analysis of a pair of collinear cracks 
in an infinitely long isotropic strip is studied. The problem is formulated in terms 
of Fredholm integral equations of the second kind by using the techniques of Fourier 
transform and finite Hilbert transform. Exact expressions for the stress intensity 
factors and the shape of deformed crack are presented when the crack surfaces are 
loaded by an uniform opening pressure. Numerical calculations are carried out to 
study the interaction between cracks and the effect of the stress-free strip edges. 
Evidently, the experimental data, described in the author's previous work [3], have 
a better correlation with the values predicted from the results obtained in this 
chapter. 
In Chapter 3, the stress field of a pair of collinear cracks in the middle of an 
orthotropic strip is investigated. The solution to the problem can be obtained by 
the techniques similar to those used in Chapter 2. In the case of an uniform opening 
pressure, the exact expressions for the stress intensity factors and the crack surface 
displacement are derived. Numerical calculations of a typical orthotropic material, 
graphite/epoxy, are also carried out to study the effect of the material orthotropy 
on the stress intensity factors. 
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Chapter 4 is devoted to the problem of an isotropic adhesive layer, where a 
pair of collinear cracks are located, bonded to two orthotropic half-planes. By a 
similar fashion, the exact expressions for the stress intensity factors and the shape 
of deformed crack are arrived when the crack surfaces are loaded by an uniform 
opening pressure. The numerical effort is made to compute the stress intensity 
factors and the shapes of deformed crack for a cracked epoxy layer bonded to the 
half-planes of graphite/epoxy composite. 
A hybrid type of composite is considered in Chapter 5. An orthotropic central 
layer, where a pair of collinear cracks are located, is sandwiched in between two 
orthotropic layers of finite thickness. When an uniform opening pressure is applied 
to the surfaces of the cracks, the exact expressions for the stress intensity factors 
and the shape of deformed crack are obtained by the techniques similar to those 
used in Chapter 2. Numerical calculations for the sandwiched laminates of different 
stacking sequences are presented to study the fracture of sandwiched laminates. 
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2 FRACTURE OF AN ISOTROPIC STRIP CONTAINING A PAIR 
OF COLLINEAR CRACKS PERPENDICULAR TO THE EDGES OF 
THE STRIP 
2.1 Introduction 
The stress distribution near a pair of collinear cracks of equal length in an 
infinitely long isotropic strip has been investigated by Lowengrub and Srivastava 
[4], The cracks are parallel to the edges of the strip, and the edges of the strip 
are either free from tractions or rigidly fixed. Dhaliwal [5] studies the problem 
of two coplanar cracks in an infinitely long isotropic strip that is bonded by two 
semi-infinite elastic planes. The cracks are also parallel to the edges of the strip. 
By making use of the technique of Fourier transform, Refs. 4 and 5 obtain a set of 
triple integral equations. The three-part boundary value problem is then reduced 
to the solution of a Fredholm integral equation of the second kind by applying the 
finite Hilbert transform to the triple integral equations. In either case, asymptotic 
expressions for the stress intensity factors and the crack energy are derived when 
the width of the strip is much larger than the distance from the midpoint between 
cracks to the far end of the cracks. 
In this chapter, the stress field of an infinitely long isotropic strip containing a 
pair of coplanar central cracks perpendicular to the edges of the strip is studied. The 
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surfaces of the cracks are subjected to an arbitrary opening pressure, while the edges 
of the strip are free from tractions. The problem is formulated in terms of Fredholm 
integral equations of the second kind. In the case of uniform opening pressure, the 
solutions to the integral equations are derived for any value of the ratio between the 
width of the strip and the distance of the far end of the cracks from the midpoint 
between cracks. Exact expressions are obtained for the stress intensity factors at 
the crack tips and for the shape of the deformed crack. Numerical calculations are 
carried out to study the interaction between the cracks and the effect of the stress-
free edges of the strip. The experimental data, described in author's previous work 
[3], are reanalyzed to compare the correlation between the experimental data and 
the results obtained in this chapter. 
An infinitely long isotropic strip is assumed to contain a pair of collinear cracks 
of equal length in the middle of the strip. The cracks are located symmetrically 
about the centerline of the strip and perpendicular to the strip edges, as shown in 
Fig. 2.1. It is further assumed that the cracks are opened by an internal pressure 
p(.r), which is an even function of x. The stress distribution in the strip can be 
determined by solving the equations of elastic equilibrium subjected to the following 
boundary conditions: 
2.2 Formal Solutions 
Cryy{ x ,0) =  - p { x ) ,  
i'(.r,0) = 0, 
(^xy{x,0) = 0, 
0 < |.c| < t, 1 < |.r| < w  
< |a;| < 1 
x \  <  w  
(2.1) 
(2.2) 
(2.3) 
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crxx{^w^y) = <^xy{ ^ w , y )  - 0, - o o < y < o o .  (2.4) 
The .^-coordinate is scaled by the distance from the origin to the outer crack 
tip. Therefore, |.r| = k and 1, respectively, locate the inner and the outer crack 
tips. The strip edges are located at x = ±uk The appropriate expressions for the 
displacement and stress components, provided that the boundary condition in Eq. 
(2.3) is satisfied, can be written as [6] 
oo 
0 
oo 
A(0 (1 2i/)^^ ^ zg(()co6A(fz) c o s { ( y ) d (  
_  -  /  -  2 ; /  -  ( z / ) e  s i n { ( x ) d C  
T T  J  L  
0 
(2.5) 
V = 
oo 
/ TT 
0 
oo 
.4(()+2(l-2i')B(() 
{ c o s h { ^ x )  +  x B { ^ ) s i n h { ^ x )  s i n { i y ) d ^  
<^xx 
- 7 ^(2 - 2:/ + (!/)e-(^co6((z)dC (2.6) 
I T  J  C  
0 
2E Tr 1 
~7r(l + u)J + (rB(()am/i((a;) cos{^y)d^ 
2 E  
0 
oo 
7r(l + u) 
2 E  
J C(C)(1 - C y ) e  ^^coa((z)(Z( 
0 
(2.7) 
oo 
^ y y  J  | [ ^ 4 ( ^ )  +  2 B { ^ ) \ c o s h { ^ x )  +  i x B { ^ ) s i n h { i x ) ^ c o s { i y ) d ^  
0 
lO 
,1 ^  V / ('(()(! + <!/)e-^»co»(Cx)d< (2.8) 
7r(l + i^) 
2 E _  
u )  
0 
( ^ x y  2 E  7r(l + u) J {[-4(0 + B { ^ ) ] s i n h { ( x )  +  ^ x B { ^ ) c o s h { ^ x ) ^ s m { ^ y ) d ^  
Figure 2.1: A Pair of Collinear Cracks in an Isotropic Strip 
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2 E  ^  
w ( l  +  v ) J  (2.9) 
0 
where .4(^), B{^), and C'(C) are unknown functions to be determined. 
If Eqs. (2.7) and (2.9) are used, the boundary conditions in Eqs. (2.4) yield 
A { ^ ) c o s h { ( i v )  +  ( i L ' B { ^ ) s i n h { ^ w )  
- (-0) 
A { ^ ) s i n h [ ^ i u )  4- B { ^ ) [ s i n h { ^ w )  +  ^ i o c o s h { ^ w ) ]  
From the above equations, the function v4(^) and B{^) can be written in terms 
of C((). Hence, the problem is reduced to determining the value of the single 
unknown C'((). The remaining boundary conditions in Eqs. (2.1) and (2.2) will 
be satisfied, provided that the unknown C'(() satisfies the following set of triple 
integral equations: 
oo 
J  C { C ) c o s { C x ) d C  =  +  Q ( a : ) ,  k  <  x  < 1  (2.12) 
0 
oo 
f , cos{Çx)di^ = 0, 0<r<t, 1<T<A (2.13) 
0 ^ 
where 
oo 
Q { x )  =  J  ^ [ A { ^ ) +  2 B { ^ ) ] c o s h ( ^ x )  +  ^ x B { ^ ) s i n h { ^ x ) ^ d ^ .  (2.14) 
The solution to the set of integral equations in Eqs. (2.12) and (2.13) can be 
obtained by using the techniques of the finite Hilbert transform [7]. Let 
1 
C'(() =  I  ^ { t ' ^ ) s i n { C t ) d t  (2.15) 
k  
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where is an unknown function to be determined from the boundary conditions. 
Equation (2.13) requires 
1 
j  =  0. (2.16) 
k  
In terms of Eq. (2.15), Eq. (2.12) can be written as following form: 
/  ^  2E +  Q ( z ) ,  k < x < l  (2.17) 
where 
Q { x )  = j  I ^ { x , t ) < f { P ) d t  (2.18) 
k  
4 
/3(.c,i) = -j[^'^qi{^,x)Ii{^,t) + ^ q2{^,x)l2{i,i)]d^ (2.19) 
=  — e  ^ ^ ' [ — w s i n h { ^ t )  +  t c o s h { ^ t ) ]  (2.20) 
TT 
l 2 ( ^ ,  0  =  7 ^  ~ — ^ ^ s i n h { ^ t )  +  t c o s h ( ^ t )  1 - iw . 4 e 
s i n h { ^ w ) c o s h { ^ x )  —  ^ w c o s h { ^ i u ) c o s h [ ^ x )  
^ 1 0  +  c o s h [ ^ w ) s i n h { ^ w )  
?2(^'-^) = 
(2.21) 
^ x s i n h { i w ) s i n h { ^ x )  
Ç u '  - t -  c o s h { ^ i o ) s i n h { ^ w )  
[ 2 c o s h { ^ x )  +  ^ x s i n h { ^ x ) ] c o s h { ^ w )  
+  c o s h { ^ w ) s i n h { ^ w )  
i w s i n h { i w ) c o s h { ^ x )  
4 -  c o s h { ^ w ) s i n h { ( w )  
If the finite Hilbert transform is applied to Eq. (2.17), a Fredholm integral 
equation for y(f^) is obtained as follows: 
1 
Y ? ( z ^ )  +  j  k i { x ' ^ , t ) i p { t ' ^ ) d t  =  f i { x ^ )  (2.24) 
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where 
/l(-^ ) = - 2(1 + u) x ^  —  ^2 
ttE \ 1 — $2 
Â' i( . î:  , t )  =  
1  -  y p { y )  
d y  +  
y2 _ 1^2 y2 _ 3,2 ^(a;2 _ A;2)(l - x^) 
1 
1 - .c2 /\ 
k  
l -  y ^  y l ^ { y , t )  
d y .  
(2.25) 
(2.26) y2 
The quantity Zj is an arbitrary constant to be determined from Eq. (2.16). If the 
following identity is used, 
.2 ,2, r7l2 :,2w..2 _ ^2\ / .,2 _ ,2, 
\ 
(f2 - a2)(62 -  y ^ )  /  , ^2 _ ^2. (6^ _ ^2) , - f 
(6^ — i2)(y2 _ (j2^ V i 2  _  g 2 )  \ (^2 _ o2^^^2 _ y2^ V ^2 _ ^2 (2.27) 
Eq. (2.24) can be reduced to an alternative integral equation as follows: 
1 
(2.28) 
where 
/2('^ ) = - 2(1 + I/) 1 --.r2 
ttE  \  .t2 -&.2 
k  
K 2 { x ^ , t )  - ^  
- A;2 
1 - Î/2 - \/(z2 - fc2)(i - r2) 
1 1 - .t2 r 
z 2 - 6 2 / ^  
k  
y2 - A'2 yl^{y,t) 
1 - y^ - .c2 
dy. 
(2.29) 
(2.30) 
The quantity Z2 is another constant to be determined from Eq. (2.16). The function 
(^'(.-c^) is an alternative form of the parameter function y?(z^) in Eq. (2.15). 
2.3 Numerical Solutions 
The solutions to the Fredholm integral equation of the second kind can be 
obtained by using the method of successive approximations [8]. For the case of the 
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uniform opening pressure, p [ x )  = cr, the term on the right-hand side of Eq. (2.24) 
can be written as 
A(z') = + (2.31) 
1 ® y / { x ^  —  k ^ ) { l  —  x ^ )  
The solution to this integral equation can be expressed in the form of Neumann 
series [8] as follows: 
= E (2.32) 
n=l 
where 
= /l(®^) 
1 
^ n ( - - c ^ )  =  j  K i { x ' ^ , t ) < f ^ _ i { t ^ ) d t .  
k  
The solution in Eq. (2.32) is required to satisfy Eq. (2.16). Thus, 
1 
j  ^ n { t ^ ) d t  = 0. 
(2.33) 
(2.34) 
(2.35) 
This condition determines the constant The first term on the series in Eq. (2.32) 
is obtained in terms of Eqs. (2.33) and (2.35) as follows: 
71 
" • - IS-
(2.36) 
(2.37) 
The functions A"(a) and E { a )  are, respectively, the complete elliptic integral of the 
first and the second kind with the modulus a — Using Eq. (2.34) and sat­
isfying Eq. (2.35), the second approximation, ^^^er proper transformation 
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of integration variables, can be written as 
-9^ TT 
X 
+ 72 
1 y j { x ^  —  fc^)(l — x ^ )  
- G2(z) (2.38) 
where 
92 = C^21+71<^22 
G2{x) = e2i(.c) + 7ie22(®) 
^2 = Â^('21+Tl'22) 
(2.39) 
(2.40) 
(2.41) 
The expressions of c?2j, e2j' ^2j 0 ~ given in Appendix A. 
A similar procedure can be carried out continuously to obtain higher order 
terms in the series. The general expression of the n-th term is given as 
' P n  
4(7(1 -f I/) 
-9rv^ 
j2 _ ^2 
+ 
I n  
1 ® ^/(.T^ — A:^)(l — a*2) 
Gn(z') (2.42) 
The expressions for gn, 7n, and (?n(.r) satisfy the following recurrence relations: 
(2.43) 9 n  =  - 9 n - i + l d i l + l n - i + l < ^ i 2  
i = 2 ^  
1 ^ 
I n  =  - f i g n  i+l^il + 7n—2 + 1^(2 
G n { x )  =  ^ - 9 n - i + l ^ i l i ' ' ) + l n - i + i m i ' ^ )  
The quantities d^j, e^j(z), and (j = 1, 2) are defined in Appendix B. 
Similarly, the solution to Eq. (2.28) can be written as 
n.=l 
(2.44) 
(2.45) 
(2.46) 
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where 
cr(l + u) 
71 = 1 -
E 
E { a )  
Ala) 
1 — 
+ 
^  ^  ^(1 — x ^ ) { x ^  —  A:^)- (2.47) 
(2.48) 
and for n  >  2  
/ _ 4(t(1 + u) 
-9n\ 
1 — 
^ \/(l — z^)(z^ — k^) 
I n  4- Gji{x) (2.49) 
The recurrence relations can be written as 
n  
i=2 
9 n  - Z -5i_i+i4l+Tn_i+i42 
7n = 
1 7T r 
_ / _/ ^ V / [/ , / c/ 
Tl^n - 2_^[5ri-i+l^l +Tn-i+1^2 
n 
= E -4-( + l4l('^) +TLz+l42(^) 
i=2 
The expression for d'-, 6'—, and e^j(z) (j = 1,2) are given in Appendix C. 
(2.50) 
(2.51) 
(2.52) 
2.4 Stress Intensity Factors 
To determine the stress intensity factors at the inner tip and the outer tip 
Ki, the normal stress along the .t-axis is calculated from Eq. (2.8) in terms of Eq. 
(2.15) to have following forms: 
j  1  
^ y y  
' ^ y y  
7r(l  + u) 
2E  
7r(l + u) 
/ f 2  _  c2^^ ^ 
k  k  
[I ^2 
, 0 < z < A- (2.53) 
, 1 < r < w. (2.54) 
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For the case of uniform opening pressure, p { x )  = cr, the stress intensity factors, 
Kj^ and Ki, can be expressed in terms of gn, gii, lni and 7^ as following: 
K k  = 
K ^  = 
E(a) 
s j2k{ l  -  k^ )  
+% E (2.56) 
^ 71=2 \/2k{l - fc2) 
v/2(l ^'(") 
1 -
^ n=2 
n  I n  (2.56) 
V'2(l -
It has been shown by Tweed [9] and Lin [3] that the stress intensity factors for 
a pair of collinear cracks in an infinitely large plate at inner tip and the outer tip 
of the cracks are, respectively, 
AT 
A'f 
_ t 2  
^2fc(l -^•2)LA'(a) 
1 -
(2.57) 
(2.58) 
s j 2 { l  -  Â ; 2 )  L  K { a ) \ '  
If the stress intensity factors are normalized by their corresponding values in 
the infinitely large plate, the variation of the normalized stress intensity factors, 
Kf^ /K^  and  K i /K^ ,  wi th  respec t  t o  the  wid th  o f  t he  s t r ip  and  the  va lue  k ,  
are calculated numerically and shown in Fig. 2.2. The effects that the distance 
between the outer crack tip and the strip edge have on the stress intensity factors 
are investigated and shown in Fig. 2.3 by keeping the crack length to be a constant 
value. 
2.5 Related Experiment 
A series of tensile tests of PMMA strip, described in author's previous work [3], 
is reanalyzed again to study the correlation between the experimental data and the 
theoretical result obtained in this chapter. The tensile test specimens containing a 
1.5 
1.4 -
1.3 
1 . 2  
1 . 1  -
1 . 0  -
0.9 
inner tip (K=0.1) 
outer tIp (k=0.11 
inner tip (K=Q.4) 
outer tip (K=0.4) 
inner tip (k=0.8) 
outer tip (h=0.8) 
cn 
3 4 5 
Half strip widtli, (W) 
Figure 2.2; The Variation of the Normalized Stress Intensity Factors with Respect 
to the Width of the Strip 
0.5 
0.4 
0.3 
0 . 2  
inner tip (w = 5) 
outer tip (w = 5) 
inner tip (infinte) 
outer tip (infinte) 
_L 
1 2 3 
Half of the distance between cracks, k 
Figure 2.3: Normalized Stress Intensity Factors (Crack Length — 1.0) 
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Table 2.1: The Dimensions of the Specimen 
Mark L L t  W c 2a 
A 7.8 2.6 2.6 0.4 0.1 
B 7.8 2.6 2.6 0.4 0.2 
C 7.8 2.6 2.6 0.4 0.3 
D 7.8 2.6 2.6 0.4 0.4 
(unit: inch) 
Table 2.2: Measured Critical Load 
Rep. A B C D 
1 1169 1142 1173 1164 
2 1124 1209 1191 1311 
3 1133 1169 1320 1444 
4 956 1169 1187 1391 
5 1013 ni l  1200 1178 
Ave. 1079 1160 1214 1298 
(unit; psi) 
pair of collinear cracks of equal length are obtained from 1 /8 inch thickness PMMA 
plates. The tensile tests specimens are straight-sided with adhesively bonded and 
beveled tabs for load introduction at both ends. The geometry and dimensions of 
the specimens are, respectively, illustrated in Fig. 2.4 and Table 2.1. 
All the tensile tests are conducted in the 20-k MTS machine at room temper­
ature and a constant loading speed. The results of the experiment are shown in 
Table 2.2. 
It has been show in Ref. 3 that the stress intensity factor at the inner tip of 
the cracks is higher than that at the outer tip. Therefore, when the tensile test 
specimens containing a pair of collinear cracks are stretched, the stresses at the 
inner tip of the cracks reach the critical condition before those at the outer tip of 
18 
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Figure 2.4: The Geometry of the Specimen 
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Figure 2.5; The Effect of the Variation of the Separation Distance Between Cracks 
on the Critical Stress 
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the cracks do. This theoretical result indicates that, when the specimen is stretched 
to the critical level, the cracks start to propagate from the inner tip, rather than 
the outer tip. Indeed, it is observed experimentally that at the critical load level 
the cracks start to propagate from the inner tips and meet each other, thereby 
forming a larger single crack. For a relatively brittle material such as PMMA, 
because the cracks propagate so fast that the MTS machine is not able to pick up 
any signal during the crack propagation process, the critical load measured from 
the experiment should be related to critical load at the inner tip of the cracks. 
The results of the experiment are shown in Fig. 2.5. The solid line in the 
figure is the values of the corresponding critical load evaluated from the theory of 
the elastic strip of finite width in Eq. (2.55). To get this solid line, it is necessary 
to estimate the value of the critical stress intensity factor Kcr from Eq. (2.55) 
and the experimental data individually. Because of the scatter of the experimental 
data, Kcr can only be estimated within 95% confidence interval. By doing so, two 
dash lines, the corresponding confidence interval, can be constructed in the figure. 
Similarly, the values of the critical load evaluated from the infinite large plate in 
Eq. (2.57) are also calculated and plotted in Fig. 2.5. 
The critical stress intensity factor Kcr obtained from the experiment gives us 
the value of 628.3 ± 21.9 psi/m, that, within a reasonable range, agrees with that 
obtained for a similar material by Berry [10] from single edge notch and cleavage 
specimens which involve a different kind of mechanical system. 
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2.6 Crack Shape 
The shape of the deformed crack can be derived from Eqs. (2.6) and (2.15) by 
setting y = 0 as follows: 
1 
V = 2{1-u) I (2.59) 
X 
Substituting the function in Eqs. (2.32) and (2.42) into the above expression, 
we can write the crack shape in the following form: 
oo 
where 
= Ë (-ir+^/^n(z) (2.60) 
n = l  
Al(z) = - ^^^(a,/))] + 7iF(a,/)) (2.61) 
and for n > 2 
hn{x) = [-9n[E{a,l3) -k^F{a,f3)] 
1 
+ l'nF{oi,l3) + J C4n{t)dt^ (2.62) 
D • -1 J = sm 1 — 2' (2.63) 
1 -
The functions F{a,l3) and E{a,j3) are, respectively, the incomplete elliptic integral 
of the first and the second kind with the modulus ct and the amplitude ,8. The 
recurrence relations gn, in-, and Gn{x) are, respectively, defined in Eqs. (2.42), 
(2.44), and (2.45). 
The shapes of deformed crack for various width of the strip are calculated nu­
merically. The calculated values that are normalized by the product of the opening 
pressure and material constants, 8(1 — u)(tare shown in Fig. 2.6. 
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2.7 Results and Discussions 
Solutions for a pair of coplanar central cracks, which are perpendicular to 
the edges of the isotropic strip, are obtained by using the techniques of Fourier 
transform and finite Hilbert transform. The crack surfaces are subjected to an 
opening pressure, p[x), while the edges of the strip are free from tractions. The 
solutions of the problem are reduced to that of a Fredholm integral equation of 
the second kind. In the case of a uniform opening pressure, p{x) — cr, the exact 
expressions for the stress intensity factors and the shape of deformed cracks are 
written in terms of material constant, [E and u), the width of the strip 2w, and the 
separation distance between cracks 2k. 
For different values of k,  the variation of the stress intensity factors, which are 
normalized by their corresponding values in an infinite large plate, with respect to 
the width of the strip is shown in Fig. 2.2. The values of the normalized stress 
intensity factor at the inner tips are higher than that at the outer tips. This is 
in agreement with the experimental results obtained by Lin [3]. The normalized 
values decrease with increasing the width of the strip. Both the inner and the outer 
normalized stress intensity factors approach unity when the strip width becomes 
sufficiently large. Figure 2.2 also shows that the effect of the strip edges on the 
stress intensity factors for a small value of k is more significant than for a relatively 
large value of k.  
The stress intensity factors are shown to depend on the location of the cracks 
relative to the strip edges. Figure 2.3 indicates that values of the stress intensity 
factors for a crack of unit length in a strip, the width of which, 2w, is ten times as 
large as the crack length. For purposes of comparison, the stress intensity factors 
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for an infinite large plate are also included in Fig. 2.3. The magnification of the 
stress intensity factors in the strip over the corresponding infinite plate value is 
significantly large for the inner tip than that for the outer tip. The degree of the 
magnification increases when the distance between the outer crack tip and the strip 
edge decreases. 
As shown in Fig. 2.5, both theoretical lines calculated from the strip equation 
in Eq. (2.55) and the infinite large plate equation in Eq. (2.57) indicate that the 
value of the critical load increases with increasing the separation distance between 
cracks. It is also shown in Fig. 2.5 that the values calculated from the infinite 
large plate are always larger than that calculated from the strip. The difference 
between these two theoretical lines increase when the cracks get closer to the edges 
of the strip. When the distance between the cracks and the strip edge is large, the 
specimen behaves like a large plate and the experimental data are in agreement 
with both of the theoretical curves. When the distance between the cracks and 
the strip edges becomes closer, however, the theoretical values predicted from Eq. 
(2.55) give a better correlation with the experimental data than those predicted by 
the large plate equation. 
Nevertheless, the average values of the experimental points, with the exception 
of the set of data represent the distance between cracks is small, are lower than the 
values predicted from Eq. (2.55). The occurrence of the viscous flow during the 
fracture process may explain the discrepancy. When the pre-cracked specimen is 
stretched, the polymer near the crack tips undergoes large deformation which can be 
observed from the unusual reflected light from the transverse surface of the specimen 
near crack tips before the specimen fractures. The temperature at the vicinity of 
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crack tips increases due to the internal friction between molecules of the polymer. 
The temperature raise around crack tips causes local soften effect, and produces 
local viscous flow. For a visco-elastic material such as PMMA, unfortunately, the 
local viscous flow causes the reduction of the strength of the material. 
The crack surface openings, normalized by the product of the opening pressure 
and the material constants, 8(1 — u^)cr/tP"E^ are calculated numerically for various 
values of the strip width. Typical normalized crack shapes are shown in Fig. 2.6 for 
the case where the distance between the inner crack tips is 0.2 times the distance 
between the outer tips. The deformed crack surface is asymmetric in its shape. The 
crack surface displacement near the inner tip is larger than that near the outer tip. 
The opening of the crack surface is shown in Fig. 2.6 to be increasing when the 
width of the strip decreases. 
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3 FRACTURE OF AN ORTHOTROPIC STRIP CONTAINING A 
PAIR OF COPLANAR CRACKS PERPENDICULAR TO THE 
EDGES OF THE STRIP 
3.1 Introduction 
A line crack in an infinite orthotropic medium is investigated by Sih et al. [11] 
and the stress intensity factor is shown to be identical with that for an isotropic 
material. For a finite number of collinear cracks in an infinite orthotropic plate, 
the solution is obtained by reducing the problem to four Riemann-Hilbert problems 
[12]. The stress intensity factor is also shown to be independent of the material 
constants. 
The dependence of the stress intensity on material constants is studied in the 
plane problem of two collinear cracks in an infinitely long orthotropic strip by Delale 
and Erdogan [13]. The stress intensity factor is obtained by examining the asymp­
totic behavior of the vertical normal stress around the crack tip. The unknown 
function involved is assumed to be representable by an infinite series in Tchebyshev 
polynomials [13]. They present the results that stress intensity factors are identical 
when the cracks are either parallel or perpendicular to the reinforcement fiber. 
In this chapter, the stress and displacement fields in an orthotropic strip con­
taining a pair of coplanar cracks perpendicular to the edges of the strip are investi-
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gated with an approach different from that used by Delate and Erdogan [13]. The 
problem is formulated in terms of a Fredholm integral equation of the second kind. 
When the cracks are opened by an uniform pressure, the solution of the integral 
between cracks 2k, and the width of the strip 2h. Exact expressions for stress inten­
sity factors at the crack tips and for the crack surface displacement are presented. 
In numerical calculations, a graphite/epoxy is chosen as the sample material. The 
interaction between the cracks and the effect of the stress-free edges of the strip on 
the stress intensity factor and on the crack shape are studied. The effect of the fiber 
direction with respect to the cracks on the stress intensity factor is also investigated. 
3.2 Basic Equations 
For an orthotropic medium, let the Cartesian coordinate axes be coincident 
with the principal axes of elastic symmetry. The equations of equihbrium may be 
written as [14] 
where u  and v  are, respectively, the x  and y  component of the displacement, and 
c^j (i, j = 1,2, 6) are elastic moduli of the orthotropic material. 
The displacement components are assumed to be expressible in terms of two 
unknown functions, and as 
equation is derived in terms of material constants Cjj (i, j = 1,2,6), the distance 
(3.1) 
(3.2) 
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° - + (3-4) 
where 
^ ^ ciiCj - (=66 _ (ci2 + ^eeKj 
^ C12 + ^66 ^22 - C66C; 
and (j's are roots of the characteristic equation 
i = l,2 (3.5) 
cilc&sC^ + (ci2 + 2012466 " C11C22)C + <^22^66 = 0- (3 6) 
Thus, the plane problem of an orthotropic material can be reduced to solving two 
simultaneous Laplace equations 
d^( j ) j  d ' ^4>j  
(3.7) 
where 
^ i = l'2 (3.8) 
subjected to specific boundary conditions. From the definitions of stresses and 
displacements, we can then write the stress components in terms of (t>i^ and 4>2 as 
follows: 
- = (3.9, 
= ~^66 (1 + ^2) (3.10) 
3.3 Formal Solutions 
Let a pair of coplanar cracks of equal length be located in the middle of an 
infinitely long orthotropic strip of width 2h. The cracks are taken to be symmetric 
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about the center line of the strip and perpendicular to the strip edges, as shown in 
Fig. 3.1. Without loss of generality, the ^-coordinate is normalized by the distance 
from the origin to the outer crack tip. It is further assumed that the cracks are 
opened by an internal opening pressure p{x), which is also symmetric about the 
centerline of the strip, and the edges of the strip are free from tractions. The stress 
distribution on the strip can be obtained by solving Eqs. (3.7) subjected to the 
following boundary conditions: 
o-yy(.-c,0) = -p(a?), ^-< I-T] < 1 (3.12) 
r(.-c,0) = 0, 0 < |z| < A, 1 < |a;| < /i (3.13) 
c r x y { x , 0 )  = 0, |.T |  <  h  (3.14) 
a x x { à i h , y )  = <Txy{ ± h , y )  = 0, - o o  <  y  <  o c .  (3.15) 
The appropriate expression for the unknown functions, (pi and (^2, can be 
written as [14] 
00 
4>l (^^y )  = ^  J  I Al{Ocosh{^x i )cos{ iy )  +  BI{^ )€  ^^lcoa(^z) 
0 
00 
= - / 7 + B2{^)e~^y2cos{^x) (3.17) 
^0 
where Xj = /3jX (j = 1, 2) and ^j(0 Bj{^) (j = 1, 2) are functions to be 
determined from the boundary conditions. 
Substituting Eqs. (3.16) and (3.17) into Eq. (3.11), the boundary condition in 
Eq. (3.14) is satisfied if 
(3.16) 
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Figure 3.1: A Pair of Coplanar Cracks in an Orthotropic Strip 
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If Eqs. (3.9) and (3.11) are used, the boundary conditions in Eqs. (3.15) yield 
(1 + Ai)^cos/i(^/ii)^i + (1 + A2)(coa/i((/i2)^2 
oo (((2 - Cl)(l + ^1) 7 BiTi'^cos{T]h) / . ,!:at .,h-/^i ^ (^7^ + (i(^)(;7^ + (2^^) 
(1 + A2)^^i5m/i(^/ii)Aj[ + (1 + 
_ (C2 - Cl)(l + '^l) T BiT]^s in{T]h)  
0 
where h j  =  l 3 j h  (j = 1, 2). Obviously, from Eqs. (3.18), (3.19), and (3.20), 
the unknowns Aj^(^), ^2(^5 a-iid B2{^) can be expressed in terms of Bi[^). The 
remaining boundary conditions in Eqs. (3.12) and (3.13) will be satisfied, provided 
that the unknown B^ satisfies the following set of triple integral equations: 
00 
-  [  = - ^  Q * { x ) ,  k < x < l  (3.21) 
TV J  L f^CQQ TT 
J  B i { ^ ) c o s { ^ x ) d ^  = 0, 0 < x < k ,  l < x < h  (3.22) 
0 
00 
1 Tr Q*{^) = ^  j p + ^l)Clco5/î(^.ri).4i(0 + (1 + A2)(2Coa/!((j;2)^2(^) 
0 
where 
00 __ 
0 
(3.23) 
and 
D'  = (1 + ^ 1)%+*), (3.24) 
/^l 
The solution to the set of integral equations in Eqs. (3.21) and (3.22) can be 
obtained by using the techniques of the finite Hilbert transform [7]. Let 
-B|(Ç) = - f (3.25) 
k  
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where is an unknown function to be determined from the boundary conditions. 
Equation (3.22) requires 
1 
j  = 0. (3.26) 
k  
If Eq. (3.25) is substituted into Eq. (3.21), we have 
~  f  k < x < l  (3.27) 
TT J i f  CgQ TT 
k  
where 
1 
Q* ( x )  =  J  (3.28) 
k  
k  
- (1 + ^ 2)(2/)lcoa/t((z2)ai7i/i((/ii)] 
[e~^^2s inh{ ( f32 t )  — e~^^l5in/j(^/3j^f)] 
— [(1 + Xi)(^icosh{^xi)cosh{^hi) — (1 + X2)C2^osh{^X2)cosh{^hi)] 
sinhl^iSit) — f32e~^^^sinh{^l32t)]^d^ (3.29) 
.4* = ^^^2 -i^l) (3.30) 
A* = (1 + A]^)(l + X2)[i32Cosh{^hi)sinh{^h2) - l3isinh{^hi)cosh{^h2)]- (3.31) 
If the finite Hilbert transform is applied to Eq. (3.27), a Fredholm integral 
equation for i/'(/^) is obtained as follows: 
1 
V'(a;^) + j  Ki{x'^,t)4^{t^)dt -  f^{x^) (3.32) 
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where 
/r(z2) = - ^ 
^D*cqq\ 
\ 
1 - J \ 
k  
Ki{x^ , i )  
1 - yp{y) , ^ 
y2 _ 1^2 y2 _ 3.2 ^(a;2 _ jb2)(l _ ^2) 
1 x"^ - k'^ r 
k 
l -  y2 yl*{y,t) dy. 
(3.33) 
(3.34) i / 2  _  ^ 2  y2  _  j ,2  
The quantity m-^ is an arbitrary constant to be determined from Eq. (3.26). If the 
identity defined in Eq. (2.27) is used, Eq. (3.32) can be reduced to an alternative 
integral equation as follows: 
1 
V''(.r^) + J (3.35) 
where 
1 — 
" 1 
k 
y2 - A'2 ^p(^) 
d y  1712 
l - y ^  i/^ - a;2 - it2)(i _ ^2) 
A'|(x2,0= * 1  —  X 
"4 
y2 _ k^yl*{y,t) 
1—1/2 y2 _ 3.2 dy. 
(3.36) 
(3.37) 
The quantity m2 is another constant to be determined from Eq. (3.26). The 
function is an alternative form of the parameter function ^ '(r^) in Eq. (3.25). 
3.4 Numerical Solutions 
For the case of an uniform opening pressure, p{x) = <7, the numerical solution 
to Eq. (3.32) can be obtained by the similar procedures described in Section 2.3 as 
follows: 
oc ^ 
(3.38) V'(r^) = ^ (-l)^+^^'n(z^) 
71 = 1 
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where 
V'l(z ) = 
a;2 — 
+ 
Tl 
2 _ E{a) 
A-(a) 
1 ^ \/(l — .-c2)(a;2 _ 
(3.39) 
(3.40) 
and for n > 2 
V'n = 
0'% 577' 
a;2 — A." 2 
+ 
1 \/(l — x ' ^ ) [x ' ^  — fc2) 
+ G;(j;) (3.41) 
The recurrence relations can be written as 
n 
9n -  2^ -gn-i+l^il + fn-i+l'^i2 i=2 
n 
In 1 ^  Î + S  I  x  ^  î k  c I  ^^n- i+r i2  
n 
GR(z) = E -a'n-i+l4l(^)+Tn-2+l42(^) 
i=2 
The expression for d*j, 6*j, and (z) (j = 1, 2) are given in Appendix D. 
Similarly, the solution to Eq. (3.35) can be written as 
(3.42) 
(3.43) 
(3.44) 
oo 
n=l 
(3.45) 
where 
Dc, 66 
1 — ^2 
+ 
TÎ' 
^ Y^(l — $2^(^.2 _ i ^2y  
(3.46) 
(3.47) 
and for n > 2 
D* ^ 66 
o*' 9n \  1 — In -r Gni^ )  
\/(l — .'c2)(x^ — A;2) 
(3.48) 
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The recurrence relations can be written as 
n  
*' _ j*r , ^ J*' 
i=2 
1 " *1 *r J- *f r* /  .  * /  r* /  
~ .Z^^Pn-i+l^l +Tn-i+l^'2 
i=2 
The expression for d * j ,  S * j ,  and e^(r) (j = 1, 2) are given in Appendix E. 
(3.49) 
(3.50) 
(3.51) 
3.5 Stress Intensity Factors 
To determine the stress intensity factors at the inner tip Kf, and the outer tip 
A"]^, the normal stress along the .r-axis is calculated from Eq. (3.10) in terms of Eq. 
(3.25) to have following forms: 
' ^ y y  ~ [/ It 2^^ + j , 0  <  X  <  k  (3.52) 
k  
^yy  -
2^*C66 
T T  y  —2— +  j 
k  k  
1  <  X  <  h .  (3.53) 
For the case of uniform opening pressure, p { x )  = cr, the stress intensity factors, 
Kj^ and A'j, can be expressed in terms of , 7^, and 7^' as following: 
„=i s[mTW) 
A " !  =  - ^ (  
72 = 1 
(3.54) 
(3.55) 
\/2(l -
To reveal the differences between the isotropic material and the orthotropic 
material, the T300/5208 graphite/epoxy [15] is taken as sample material. If the 
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cracks are in the direction of the reinforcement fiber, the material constants for 
T300/5208 are c^i = 181.8 Gpa, C22 = 10.34 Gpa, cj2 = 2.897 Gpa, and cqq = 
7.17 Gpa. If the cracks are perpendicular to the direction of the reinforcement fiber, 
the material constants are taken as = 10.34 Gpa, C22 = 181.8 Gpa, cj2 = 2.897 
Gpa, and egg = 7.17 Gpa. 
If the stress intensity factors are normalized by their corresponding values in 
the infinitely large plate, the variation of the normalized stress intensity factors, 
Kf^ /K^  and  Ki/K^, wi th  respec t  t o  the  wid th  o f  t he  s t r ip  and  the  va lue  k, 
are calculated numerically and shown in Fig. 3.2 for the case that the cracks are 
parallel to the reinforcement fiber. The effect of the orientation of the reinforcement 
fiber on the normalized stress intensity factors are also studied and shown in Fig. 
3.3. For the purpose of comparison, the corresponding normalized stress intensity 
factors for the isotropic strip considered in Chapter 2 are also included in Fig. 3.3. 
3.6 Crack Shape 
The shape of the deformed crack can be derived from Eqs. (3.4) and (3.25) by 
setting y = 0 as follows: 
In terms of 7^, and G^{x), the crack shape can be written in the following 
form: 
(3.56) 
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Figure 3.2: The Effect of Separation Distance on the Stress Intensity Factors (The 
Cracks Are Parallel to the Reinforcement Fiber) 
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1 
+ + y (3.57) 
X 
The recurrence relations , 7^ , and are, respectively, defined in Eqs. (3.42), 
(3.43), and (3.44). 
When the cracks are parallel to the reinforcement fiber, the shapes of deformed 
crack for various width of the graphite/epoxy strip are calculated numerically. The 
calculated values that are normalized by the product of the opening pressure and 
material constants, (Aj — \2)cr jD*shown in Fig. 3.4. 
3.7 Results and Discussions 
Solutions for a pair of coplanar central cracks, which are perpendicular to 
the edges of the orthtropic strip, are obtained by using the techniques of Fourier 
transform and finite Hilbert transform. The crack surfaces are subjected to an 
opening pressure, p{x), while the edges of the strip are free from tractions. The 
solutions of the problem are reduced to that of a Fredholm integral equation of 
the second kind. In the case of a uniform opening pressure, p{x) = a, the exact 
expressions for the stress intensity factors and the shape of deformed cracks are 
w r i t t e n  i n  t e r m s  o f  m a t e r i a l  c o n s t a n t ,  c ^ j  ( i ,  j  =  1 ,  2 ,  6 ) ,  t h e  w i d t h  o f  t h e  s t r i p  2 h ,  
a n d  t h e  s e p a r a t i o n  d i s t a n c e  b e t w e e n  c r a c k s  2 k .  
The stress intensity factors are shown to be dependent on the location of the 
cracks relative to the strip edges. In the case of the cracks parallel to the fiber 
direction, the variation of the normalized stress intensity factors, at the inner crack 
tip Kf^lK'^ and at the outer tip with respect to the width of the strip, 
for different values of k ,  is shown in Fig. 3.2. The values of the normalized stress 
c 0) 
E <D 0 (0 
1 
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Figure 3.4: The Shape of Deformed Crack (The Cracks Are Parallel to the Rein­
forcement fiber) 
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intensity factor at the inner tips are higher than that at the outer tips. The nor-
maHzed values decrease with increasing width of the strip. Both the inner and the 
outer normalized stress intensity factors approach unity when the width of the strip 
becomes sufficiently large. This is in agreement with the conclusion obtained by 
Krenk [12] and Sih et al. [11] that the stress intensity factors in an infinite large 
anisotropic plate are independent of the material anisotropy. Indeed, it can be seen 
that 7^, and 7^'  in Eqs. (3.54) and (3.55),  for n > 2, tend to zero as h 
approaches to infinity. Consequently, and K-^ in Eqs. (3.54) and (3.55) reduce 
to the expressions for an infintie large plate in Eqs. (2.57) and (2.58). Figure 3.2 
also shows that the effect of the strip edges on the stress intensity factors for a small 
value of k is more significant than that for a relatively large value of k.  
The stress intensity factors are shown to depend on the roots of the character­
istic equation. When the cracks are parallel to the reinforcement fiber, the roots 
are 3i = 1.167 and = 0.205. The values become /3| = 4.894 and (?2 — 0.857 
when the cracks are perpendicular to the fiber. The effect that the direction of 
the reinforcement fiber has on the value of normalized stress intensity factors are 
shown in Fig. 3.3. When the cracks are parallel to the fiber, the normalized stress 
intensity factors have higher values than those when the cracks are perpendicular 
to the fiber. For the purpose of comparison, the normalized stress intensity factors 
for the isotropic material obtained in Chapter 2 are also included in Fig. 3.3. The 
normalized stress intensity factors for the isotropic strip is generally higher than 
that for the orthotropic material chosen in this study. All the normalized isotropic 
and orthotropic values approach unity if the width of the strip tends to infinity. 
For the case that the cracks are parallel to the fiber, the crack surface opening, 
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normalized by the product of the opening pressure and material constants, (A^ — 
A2)cr/X)*C00/?2, are calculated numerically for various values of the strip width. 
Typical normalized crack shapes are shown in Fig. 3.4. The distance between 
the inner tips of the cracks is 0.2 times the distance between the outer tips. The 
deformed crack surface is asymmetric in its shape. The cracks surface displacement 
near the inner tip is larger than that near the outer tip. The maximum crack 
surface opening, instead of being in the middle of the crack, shifts toward the inner 
tip of the crack because of the interaction of cracks. The crack surface opening is 
shown in Fig. 3.4 to be increasing when the width of the strip decreases. A similar 
asymmetric crack opening is observed if the cracks are taken to be perpendicular 
to the fiber. 
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4 A CRACKED ADHESIVE LAYER SANDWICHED BETWEEN 
TWO ORTHOTROPIC HALF-PLANES 
4.1 Introduction 
A cracked isotropic layer sandwiched in between two identical isotropic half-
planes is studied by Sih and Chen [16] when a single crack is located in the mid-plane 
of the central layer and is parallel to the interfaces between the layer and the half-
planes. The problem is reduced to a set of dual integral equations by using the 
technique of Fourier transform. The solution of the dual integral equations is then 
reduced to that of a Fredholm integral equation of the second kind. By reducing 
the problem to a pair of singular integral equations of Cauchy type, the case of 
off-center cracks is treated by Erdogan and Gupta [17] while the half-planes may 
or may not be the same material. Dhaliwal [5] considers the problem of a pair of 
collinear cracks in an infinitely long isotropic strip when two identical isotropic half-
planes are bonded to either sides of the strip. Fourier transform is again applied to 
obtain a set of triple integral equations. By using the finite Hilbert transform, the 
solutions of the triple integral equations are reduced to that of a Fredholm integral 
equation of the second kind. The asymptotic expressions of the stress intensity 
factors and the crack energy are obtained when the thickness of the strip is much 
larger than the the distance from the midpoint between cracks to the far end of the 
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cracks. 
In this chapter, the problem of an isotropic adhesive layer, where a pair of 
coplanar cracks of equal length are located, bonded to two identical orthotropic 
half-planes is considered. The surfaces of the crack are subjected to an arbitrary 
opening pressure ^(z). The solutions of the problem are reduced to that of the 
Fredholm integral equations of the second kind by using the technique of Fourier 
transform and finite Hilbert transform. In case of an uniform opening pressure, 
p(,v) = cr, the exact expressions for stress intensity factors and the crack surface 
displacement are derived in terms of material constants of the layer and the half-
planes, the thickness of the layer, the separation distance between cracks, and the 
length of the cracks. 
The composite under consideration is an isotropic adhesive layer, of breath 2 h ,  
sandwiched in between two identical orthotropic half-planes. For simplicity, the 
principal axes of elastic symmetry of the orthotropic half-planes are taken to be 
coincident with the Cartesian coordinate axes. Let a pair of coplanar cracks of 
equal length be located in the middle of the adhesive layer perpendicular to the 
y-axis, and also symmetric about the y-axis, as shown in Fig. 4.1. It is further 
a s s u m e d  t h a t  c r a c k  s u r f a c e s  a r e  o p e n e d  b y  a n  a r b i t r a r y  o p e n i n g  p r e s s u r e ,  p { x ) ,  
which is taken as an even function of x. The stress distribution can be obtained by 
solving the equations of equilibrium subjected to the following boundary conditions 
at y = 0: 
4.2 Formal Solutions 
(4.1) 
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= -p(z), a < |z| < 6 (4.2) 
0) = 0, |z| < 00 (4.3) 
where the superscripts represent the corresponding quantities in the adhesive 
layer. The stress and displacement components are assumed to be continuous across 
the interface between the adhesive layer and the orthotropic half-planes. We then 
have 
c r ^ ^ \ x , h )  =  c r ^ \ x , h )  (4.4) 
~ (T^xyi^^h) (4.5) 
i S ^ \ x , h )  =  u ^ ^ \ x , h )  ( 4 . 6 )  
v ^ ^ \ x , h )  —  v ^ ' ^ \ x , h )  ( 4 . 7 )  
where the superscripts denote the corresponding quantities in the orthotropic 
half-planes. 
Boundary value problems in the plane theory of elasticity for a homogeneous 
i s o t r o p i c  m a t e r i a l  c a n  b e  f o r m u l a t e d  i n  t e r m s  o f  A i r y  s t r e s s  f u n c t i o n  U { x , y ) :  
^ (4.8) 
4^  = ^ (4-9) 
= '§â-y 
in which U { x , y )  satisfies a biharmonic equation 
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-a 
Figure 4.1: A Pair of Collinear in an Isotropic Adhesive Strip bonded to Two 
Orthotropic Half-planes 
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Making use of the Fourier cosine transform, the biharmonic equation can be solved 
to yield 
Fn 
4- ^ y B i ) e ~ ^ y  + c o s { ^ x ) d ^ .  (4.12) 
0 
For the orthotropic half-plane, the proper expressions for the unknown func­
tions (j)-^ and 4>2i defined in Section 3.2, can be also obtained in terms of Fourier 
cosine transform as 
(t>l — ——\/^ [ cos{^x)d^ (4.13) 
C66V ^5 ; 
4)0 = [ ^ e~^y2cos{^x)d^. (4.14) 
<66* ^ 
Following the derivations shown in Appendix F, the unknown functions, 
.4.2, Bi, • • • etc., can be written in terms of the unknown C'j. The mixed boundary 
value problem is then reduced to finding the value of the single unknown C'l, which 
is governed by the following set of triple integral equations: 
oo 
J  N c o s { ^ x ) d ^  = 0, 0 < .-c < a, b  <  x  (4.15) 
0 
oo 
— y (1 + M ) N ^ c o s { ^ x ) d ^  = — p { x ) ,  a  <  X  <  b  (4.16) 
where 
N = [r2 - 1-I-(1 - 2t')(r3ri)jC'i (4.17) 
and the quantities r2, and rg are defined in Appendix F. 
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The solution to the set of triple integral equations in Eqs. (4.15) and (4.16) 
can be obtained by using the techniques of the finite Hilbert transform [7]. Let 
b  
(4.19) 
where 'a7(f^) is an unknown parameter to be determined from the boundary condi­
tions. Equation (4.16) will be satisfied if 
b  
I û7(f^)(ff = 0. (4.20) 
Substituting Eq. (4.19) into Eq. (4.16) yields 
b  
-  [  \  ^ \ d t  =  p { x )  - -Q(.r), a  <  X  <  b  
ttJ TT (4.21) 
where 
Q ( z )  =  j  w { t ^ ) î { x , t ) d t  
a  
î { x , t ]  =  y  M s i n { ^ t ) c o s { ^ x ) d ^ .  
(4.22) 
(4.23) 
If the finite Hilbert transform is applied to Eq. (4.21), a Fredholm integral 
equation for a7(f^) is obtained as follows: 
b  
T z { x ' ^ )  +  j  K i { x ' ^ , t ) w { t ' ^ ) d t  =  f i { x ^ )  (4.24) 
where 
À'I(.T2,/) = - ^  
7t^ 62 
fe2 - y2 y i (y^ t )  
y 2  _  q 2  y 2  _  _ g 2  
d y  (4.25) 
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9  9  "  r  
6 ^ — y  
- y2 yp(y) 
d y  +  % (4.26) 
\| y"^ - ^(.-c2 _ a2)(62 _ a.2) 
The quantity A;^ is an arbitrary constant to be determined form Eq. (4.20). If 
the identity defined in Eq. (2.27) is used, Equation (4.24) can be reduced to an 
alternative integral equation as follows: 
zu'{x'^) + j k2{x^,i)^'[t^)dt = f2{x^) 
where 
^2(^ , i )  — 
6^ - a;2 
 r  
/2(2^)== 6^ — 
i.2A 
i/2 - a2 yp(y) 
1/2 y2 _ J.2 
j/2 - Q2 yî[y^t) 
1)2 _ y2 .^2 _ j,2 
h  
d y  
62 d y  +  
(4.27) 
(4.28) 
(4.29) 
y(a;2 — a2)(62 - x^)  
The quantity k2 is another constant to be determined from Eq. (4.20). The function 
is an alternative form of the solution for the parameter function ~(^2) in 
Eq. (4.19). 
4.3 Numerical Solutions 
For the case of the uniform opening pressure, p { x )  = cr, the numerical solution 
to Eq. (4.24) can be obtained by the similar procedures described in Section 2.3 as 
follows: 
r, 2? in 
(4.30) r(z^) = Z (-l)"+^=Tn(r2) 
/? = 1 
where 
zr l(z ) = cr x2 — a2 + 71 
\/(62 _ x2)(.r2 - 0%) 
(4.31) 
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/ sJlP" — a  =  :  
(4.32) 
(4.33) 
and for n > 2 
' ^n{x  ) = f — (fi + I n  
— x^){x^  — a^ )  
The recurrence relations can be written as 
+ Gn{x  ) (4.34) 
oo 
9 n  =  Y 1  9 n - j - ^ l d j l + i n - j + l d j 2  
;=2 
L OO r 
In  l l 9 n  A'(a/) ^  9 n - j + l ^ j l ^ n - j + l ^ j 2  i=2 
oo 
Gn{x  ) = 9n- j  +  l^ j l {^  ) +7n_j + iêj2(z ) 
i=2 
(4.35) 
(4.36) 
(4.37) 
The expressions for d^j, S^j, and êjj(.r^) (j = 1, 2) are given in Appendix G. 
Similarly, the solution to Eq. (4.27) can be written as 
oo 
n=l 
(4.38) 
where 
tur^(a;^) = a  + i'l 
il = 
^ - o^)-
-ÂV) 
(4.39) 
(4.40) 
and for n  >  2 
v j 'n[x^ )  = <T 
M 
62-^2 
+ 
i n  
\ / {b^  — z2)(z2 — 
4-(3^(%2) (4.41) 
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The recurrence relations can be written as 
oo 
J' I J' 9 n  -  9 n - j  +  l ^ j l + ' ^ n - j  +  l ^ j 2  
J =2 
(4.42) 
7a 
Gn{x '^ )  =  E + 
i=2 
I oo r _ 1 
= _£^  g'n-j+l'^ jl + În-j + l^ j2 (4-43) 
i=2 
oo 
-/ /_2\ , -/ /_2, (4.44) 
The expressions for d ' - - ,  5; -, and ë; -(o;^) (j = 1, 2) are given in Appendix H. V V V 
4.4 Stress Intensity Factors 
The normal stress a-y along the crack line can be calculated by substituting 
the expressions defined in Appendix F into Eq. (4.9). In the case of the uniform 
opening pressure p{x) = a, the normal stress along the crack line, (/ = 0, can be 
written in terms of the parameters and rcf'(f^) as follows: w 
a-y = f c) ^ Id t  - -  f  x u ' { t ' ^ ) î { x , t ) d t ,  0 < x < a  (4.45) 
TTV TrV 
a  a  
(Ty = f _ ^ }.dt f z:;{P)î{x,t)dt, b < x. 
TT J  x  ^  TTJ  (4.46) 
In terms of gn ,  777,  g 'n i  and 7^ , the stress intensity factors at the inner tips Ka 
and the outer tips A'^ can be written as follows: 
A - „  = .  E  r -
77=1 \ /2a{b^-a^)  
Kb =  g  g ( _ i ) n  +  l g ^ ( ^ - « ^ ) + 7 n  
77=1 ^26(62 - a2) 
(4.47) 
(4.48) 
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The stress intensity factors at the inner tip and outer tip of the crack in an 
infinitely large isotropic plate are adopted from Tweed [9] and Lin [3] as follows: 
(4.49) 
\ f2a{b^  — a^ )  ^  
crb 2 
1 _ 
y26(62 _ ^2) r A'(Û;')J' 
To reveal the effect of the orthotropic half-planes on the fracture behavior of 
the isotropic adhesive layer, a specific sandwiched composite is chosen as the sample 
material. The isotropic adhesive layer and the orthotropic half-plane are taken to 
be epoxy and T300/5208 graphite/epoxy [15], respectively. The material constants 
for epoxy are E = 4.5 x 10*^ psi and u = 0.35. If the direction of the reinforcement 
fiber of graphite/epoxy is taken to be parallel to the interface between the adhesive 
layer and the orthotropic half-plane, the material constants for T300/5208 are c^i = 
26.36 X 10® psi, C22 = 1-5 x 10® psi, c^2 = 0.42 x 10® psi, and egg = 1.04 x 10® psi. 
If the stress intensity factors are normalized by their corresponding values in 
the infinitely large plate, the variation of the normalized stress intensity factors, 
A'a/A'^ and with respect to the thickness of the adhesive layer, for 
different separation distances between cracks, are calculated numerically and shown 
in Fig. 4.2. 
4.5 Crack Shape 
The shape of deformed crack can be obtained in terms of Eq. (4.9) by setting 
y = 0 as follows: 
r(z,0) = ^ —- j  w { P ' ) d t ^  a  <  X  <  b .  (4.51) 
X  
en CO 
- a=0.1 (inner) 
- 3=0.1 (outer) 
- 3=0.5 (inner) 
- 3=0.5 (outer) 
3 4 5 6 
Thickness of the adhesive layer 
8 
Figure 4.2: The Variation of the Normalized Stress Intensity Factors with Respect 
to the Thickness of the Adhesive Layer 
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In terms of gn-, jn, and Gn(a:^), the crack shape can be written as 
2(7(1 + (/) ^ 
»(i,0) = S (-l)"+UgnlfcS(a',/3') - ^ F(a',g')| 
n=l ^ 
b 
F(a',l3') + j G„((^)<«} (4.52) 
j f  •  1 
p = Sin . (4.53) 6 2 - . 2 -
The recurrence relations gn, in, and Gn{x^) defined in Eqs. (4.35), (4.36), and 
(4.37), respectively, are followed. 
If the sample system, an epoxy adhesive layer sandwiched in between two iden­
tical graphite/epoxy half-planes, is chosen, the shapes of deformed crack for various 
thicknesses of the adhesive layer are calculated numerically. The calculated values, 
which are normalized by the product of the opening pressure and material constants 
of the adhesive layer 2(t(1 + u)/E, are shown in Fig. 4.3. 
4.6 Results and Discussions 
The stress intensity factors are shown to be dependent on the thickness of the 
adhesive layer and the separation distance between cracks if the length of the crack 
is taken to be a constant value. If the sample system is chosen to be an epoxy 
adhesive layer sandwiched in between two identical graphite/epoxy half-planes; and 
the direction of the reinforcement fiber of the graphite/epoxy half-planes is parallel 
to the interfaces between the epoxy layer and the graphite/epoxy half-planes, the 
variation of the normalized stress intensity factors at the inner tips, A'a/A'^, and 
at the outer tips, K^/, with respect to the thickness of the adhesive layer, are 
8 
E Q) O S  Q. (g 
-a  
T3 0) 
N 
"cû 
E 
0.4 0.5 0.6 0.7 
Distance to the origin 
Figure 4.3: The Shape of Deformed Crack 
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shown in Fig. 4.2, for different separation distances between cracks. The values of 
the normalized stress intensity factors at the inner tips are, in general, higher than 
that at the outer tips. The normalized values decrease with decreasing thickness of 
the adhesive layer. This also indicates that the fracture resistance of the adhesive 
layer increases as the thickness of the adhesive layer decreases. Erdogan and Gupta 
[17] have obtained a similar result for a single crack located in the middle of an 
isotropic layer sandwiched in between two identical isotropic half-planes when the 
Young's modulus of the half-planes is larger than that of the central layer. Both 
the inner and the outer normalized stress intensity factors approach unity when 
the thickness of the adhesive layer becomes sufficiently large. Figure 4.2 also shows 
the effect of the separation distance between the cracks on the normalized stress 
intensity factors. The effect of the thickness of the adhesive layer on the normalized 
values is more significant when the separation distance between cracks is smaller. 
The crack surface openings, normalized by the product of the opening pressure 
and the material constants of the adhesive layer 2(7(1 + u)f are calculated numeri­
cally for various thicknesses of the adhesive layer. If the separation distance between 
cracks is taken to be two-tenth of the crack length, typical normalized shapes of de­
formed cracks are shown in Fig. 4.3. The crack surface displacement is asymmetric 
in its shape. The crack surface displacement near the inner tip is larger than that 
near the outer tip. The maximum crack surface opening, instead of being in the 
middle of the crack, shifts toward the inner tip of the crack due to the interaction 
between cracks. For the purposes of the comparison, the crack surface opening in 
an infinitely large epoxy plate is also included in Fig. 4.3. The crack opening in 
the epoxy adhesive layer sandwiched in between two identical graphite/epoxy half-
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plane, as shown in Fig. 4.3, is smaller than that in an infinitely large epoxy plate. 
When the thickness of the epoxy adhesive layer increases, the crack surface opening 
in the epoxy adhesive layer sandwiched in between two identical graphite/epoxy 
orthotropic half-planes approaches to that in an infinitely large epoxy plate. 
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5 THE SANDWICHED ORTHOTROPIC LAYERS CONTAINING A 
PAIR OF COPLANAR CRACKS IN THE CENTRAL LAYER 
5.1 Introduction 
In this chapter, another composite system considered consists of three or-
thotropic layers of finite thickness when a pair of collinear cracks of equal length are 
located in the middle of the central layer. The surfaces of the crack are subjected to 
an arbitrary opening pressure p{x). The problem is reduced to solving the Fredholm 
integral equations of the second kind by making use of Fourier transform and finite 
Hilbert transform. In the case of the uniform opening pressure, the exact expres­
sions for the stress intensity factors and the shape of deformed crack are obtained 
in terms of the material constants of the layers, the thicknesses of the layers, the 
separation distance between cracks, and the length of the crack. 
5.2 Formal Solutions 
The composite of interest is a sandwiched orthotropic layers. The central layer, 
in which a pair of coplanar cracks of equal length are located, is an orthotropic layer 
of breath 2h. Two identical orthotropic layers of finite thickness, [H — /?), which 
may or may not be the same material as the central layer, are bonded to either 
sides of the central layer. For mathematical conveniences, the principal axes of 
59 
elastic symmetry of the orthotropic layers are also taken to be coincident with the 
Cartesian coordinate axes. Let a pair of collinear cracks of equal length be located in 
the middle of the central layer and also parallel to the interface between the central 
layer and outer layer as shown in Fig. 5.1. It is further assumed that the crack 
surfaces are opened by an arbitrary opening pressure, p{x), which is also symmetric 
about the y-axis. The boundary conditions for the problem at y = 0 are 
y(.i:,0) = 0, 0 < |x| < a, b  <  |z| (5.1) 
cry(.c,0) = a  <  \ x \  <  b  (5.2) 
= 0, |r| < oo. (5.3) 
The stress and displacement components are assumed to be continuous across 
the interface between the central layer and the outer layer. We then have 
(jy{ x , h )  -  a y { x , h )  (5.4) 
( ^ x y { x , h )  =  c r % y { x , h )  (5.5) 
u { x , h )  =  u * { x , h )  (5.6) 
v { x , h )  =  v * { x , h )  (5.7) 
where the superscripts * denote the corresponding quantities in the outer layers. 
The surfaces of the laminate, y = H, are assumed to be free from tractions. We 
then have 
( T y { x , H )  = 0 (5.8) 
<^xyi^^H) = 0. (5.9) 
For the central layer, the proper expressions for the functions éi and ^2 defined 
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Figure 5.1: A Pair of Collinear Cracks in the Middle of the Central Layer of the 
Laminate 
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in Section 3.2 can be obtained as follows: 
<I>1 = 
én = 
1  / 2 T 1  
1  [ 2 f l  
Ae cos[^x)d^ (5.10) 
C€-^y2 + De^y2 cos{^x)d(. (5.11) 
For the outer layer, the expressions for the function <;è| and (j)^ can be written as 
'1 
<^2 = J 7 A*e + B*e^y^ cos{^x)d( (5.12) 
-66* 0 
4 
1  [ ï f l  
0 
cos{^x)d^ .  (5.13) 
Following the reduction shown in Appendix I, the unknowns, .4, A*, B, ••• 
etc., can be written in terms of the unknown D. Finally, if the boundary conditions 
in Eqs. (5.1) and (5.2) are used, the unknown D must satisfy the following set of 
triple integral equations: 
00 
J Ncos{^x)d^ = 0, 0 <  X  < a, b < x 
0 
— j (1 -f M)N^cos{^x]d^ — —p(x), a  <  X  <  b  
where 
N = L^(-^2 + ''3) + + 1) D 
,(3i/32[(1 + Ai)(r2 + ^ 3) + (1 + A2)(n + 1)] ^ 
'^2'^l(-^2 + ^ 3) + ^ 1^2(-n + 1) 
The quantities rj^, F2, and fg are defined in Appendix I. 
(5.14) 
(5.15) 
(5.16) 
(5.17) 
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The set of triple integral equations in Eqs (5.14) and (5.15) are similar to those 
defined in Eqs. (2.12) and (2.13). By a similar fashion, let 
,  b  
• j i j j{P' ) s i n [ ^ t ) d t  (5.18) 
where w(<^) is another unknown parameter to be determined from the boundary 
conditions. Equation (5.14) will be satisfied if 
j  u!{ t^ )d i  0. 
Substitute Eq. (5.18) into Eq. (5.15) to obtain 
—  [  \ d t  =  p { x )  —  - Q { x ) ,  a  <  X  <  b  
TT J — X^ TT 
where 
Q { x )  = j  é { t ^ ) I { x ^ t ) d t  
a  
I { x , t )  —  f  
(5.19) 
(5.20) 
(5.21) 
(5.22) 
If the finite Hilbert transform is applied to Eq. (5.20), a Fredholm integral 
equation for w(<^) is obtained as follows: 
u;(.c^) + j Ki{x'^,t)ui{t^)dt = 
where 
A'i(a;^,/) = 
, 2  _ ^ 2  
62 y 
b ^  -  3 / 2  y l { y , t )  
xp' — xp- — d y  
(5.23) 
(5.24) 
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6 2 - ^ 2 /  
- ^2 
• d y  +  fcl (5.25) 
^'\| y2 _ a2 y2 _ a;2 ^ ^^(^2 _ a ^){}P-  _ a;2) 
The quantity is an arbitrary constant to be determined form Eq. (5.19). If the 
identity in Eq. (2.27) is used, Eq. (5.23) can be reduced to an alternative form as 
follows: 
b  
/ ( x ^ )  +  j  K 2 { x ^ , t ) u ! ' { t ^ ) d t  =  72(z^) (5.26) u> 
where 
9 4 7 1 2 ( 3 ;  ,  t )  =  —  
62 
- r 
a 
y2 - a2 y l [y , t )  
62 _ y2 y2 _ 2 2 d y  
/2(® ) = - 62 — .c2 
.c2 _ } )2 j  \  h 
y2 - «2 
• d y  +  «2 
(5.27) 
(5.28) 
62 - 2/2 ^2 _ 3.2 ^(a;2 _ O2)(62 _ ^2) 
The quantity ^2 is another constant to be determined from Eq. (5.19). The function 
u;'(i2) is an alternative form of the solution for the parameter function w(^2^ in Eq. 
(5.18). 
5.3 Numerical Solutions 
For the case of the uniform opening pressure, p { x )  = cr, the numerical solution 
to Eq. (5.23) can be obtained by the similar procedures described in Section 2.3 as 
follows: 
00 
= Ë (-l)"+^WTi(a;2) (5.29) 
n = l 
where 
. , 0 0  _  
71 W l ( z  )  =  u  62 — x2 
^ — x^ )[x^  — a2)-
(5.30) 
(5.31) 
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and for n > 2 
) = (T  [®"\ 
6^ -
. 2  _ . 2  + 
I n  
\J{h'^ — x^)[x^ — a^) 
The expressions for g-f^, and G'n(-'C^) have the recurrent relations 
+ Gni^^)  (5.32) 
oo 
9 n  =  Y 1  
i = 2  
b 
K { J )  I n  =  7 1 5 n  -  E  [ ^ n - j  +  l ^ j l  + l n - j ^ l ^ j 2  
oo 
i = 2 '  
(5.33) 
(5.34) 
(5.35) 
The expressions for d^j, Sij, and eij{x ) (j = 1, 2) are defined similar to Sij, 
'V IJ , -ij : 
and (j = 1,2) in Appendix G except that the parameter M is replaced by 
M. 
Similarly, the solution to Eq. (5.26) can be written as 
oo 
w'(z2) = E (-l)'>+la,^(.2) 
77 = 1 
(5.36) 
where 
w;(z2) 
71 
=  c r  + 
Tl ^2 _ J. 2  
~ \J{b'^ — .7;2)(a;2 — ^2^ 
E{^ ' )  ; 
A'(a/) 
(5.37) 
(5.38) 
and for n  >  2 
'^77(^ ) — 
6 2 - z 2  I'n 
^2 y (^2 — r2)(z2 — a^)  + Cr'nix"^) 
(5.39) 
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The recurrence relations can be written as 
-/ 9n 
00 r 
= E 
3=r 
in II
 
00 r 
= z 
9n- j  +  ld ' j l+ln- j+l ' ^ ' j2  
OO 
t' , -f 
; = 2  
_/ 
(5.40) 
(5.41) 
(5.42) 
p.J^  m mm» mm a 
The expressions for d^j, S^j, and ë-(.T ) (j = 1, 2) are defined similar to 6-, 
and (j = 1) 2) in Appendix H except that the parameter M is replaced by 
M. 
5.4 Stress Intensity Factors 
The normal stress cry along the crack line can be calculated by calculated by 
substituting the expressions defined in Appendix I into Eq. (3.10). In the case of 
uniform opening pressure p{x) = u, the normal stress along the crack line, y = 0, 
can be written in terms of the parameters w(^^) and as follows: 
cTy = ~'~J ^ 2 — " — ~  J0  <  a ; <  a  
a y  —  — — f  \ d t  —  —  [  u j { t ^ ) I { x , t ) d t ,  b  <  X .  
TT J TT J 
(5.43) 
(5.44) 2 r <w(r) .. 2 
a - ' - ' '  a  
In terms of , 7^ , and 7^, the stress intensity factors at the inner tips 
A'fl and the outer tips A'^ can be written as follows: 
A - „  = .  f  
n=l \j2a [ b  —a ) 
(5.45) 
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A't = - Ë (5.46) 
n=l \/2h{h^-a/-) 
To reveal the effect of the hybrid lamination on the fracture behavior of the 
orthotropic central layer, T300/5208 graphite/epoxy and B(4)/5505 boron/epoxy 
[15] are taken to be either central layer or outer layer. If the direction of the 
reinforcement fiber is also taken to be parallel to the interfaces between the central 
layer and outer layers, in addition to the material constants for T300/5208 described 
in Section 4.4, the material constants for B(4)/5505 are c-^i = 29.73 x 10® psi, 
C22 = 2.69 X 10® psi, ci2 = 0.62 x 10® psi, and egg = 0.84 x 10® psi. 
If the laminate has the stacking sequence of [graphite/epoxy, boron/epoxy, 
graphite/epoxy], the variation of the normalized stress intensity factors, A'a/À'^ 
and A'^/A'^, with respect to the thickness of the central layer, for different dis­
tances between cracks are calculated numerically and shown in Fig. 5.2. For the 
laminates with different stacking sequences, [graphite/epoxy, boron/epoxy, graphite 
/epoxy] and [boron/epoxy, graphite/epoxy, boron/epoxy], the variation of the nor­
malized stress intensity factors with respect to the thickness of the central layer are 
also calculated and shown in Fig. 5.3. In numerical calculations, the effect of the 
variation of the thickness of the outer layer on the values of the normalized stress 
intensity factors is shown to be relatively small compared to that of the variation 
of the thickness of the central layer. 
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Figure 5.2: The Variation of the Stress Intensity Factors with Respect to the 
Thickness of the Central Layer for [T300/5208, B(4)/5505, T300/5208] 
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5.5 Crack Shape 
The shape of deformed crack can be obtained from Eqs. (3.4) and (5.18) by 
setting !/ = 0 as follows: 
1 f 2 i'(.r,0) = / i j j [ t  ) d t ,  a  <  X  <  h .  (5.47) 
C66/ 
x 
In terms of , 7^, and G'n('^^), the crack shape can be written as 
'66 „=i I » 
b  
+ ^f(a\/) + y5n(f^)A}. (5.48) 
x 
Typical shapes of deformed crack for a sandwiched laminate, [graphite/epoxy, 
boron/epoxy, graphite/epoxy] for example, for various thicknesses of the central 
layer are calculated numerically. The calculated values, which are normalized by 
the ratio between the opening pressure and the in-plane shear modulus of the 
central layer ct/cqq, are shown in Fig. 5.4. The crack shapes for [boron/epoxy, 
graphite/epoxy, boron/epoxy] are observed to be very similar to the results shown 
in Fig. 5.4 if the corresponding geometries of both laminates are the same. 
5.6 Results and Discussions 
The stress intensity factors are shown to be dependent on the thicknesses of 
the central layer and the outer layer, if the length of the crack is taken as a constant 
value. When the directions of reinforcement fiber for both the central layer and the 
outer layers are parallel to the interfaces between the layers; and the thickness of 
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the outer layer is taken to be the same as the length of the crack, the variation of the 
normalized stress intensity factors, at the inner tips, A'a/A'^, and the outer tips, 
with respect to the thickness of the central layer for the laminate with 
the stacking sequence of [graphite/epoxy, boron/epoxy, graphite/epoxy] is shown in 
Fig. 5.2. In general, the values of the normalized stress intensity factor at the inner 
tips are higher than that at the outer tips. The normalized values decrease with 
increasing thickness of the central layer. Both the inner and the outer normalized 
stress intensity factors approach unity if the thickness of the central layer becomes 
sufficiently large. This is in agreement with the conclusions obtained by Krenk [12] 
and Sih et al. [11] that the stress intensity factor in an infinitely large anisotropic 
plate are independent of the existence of the material anisotropy. Figure 5.2 also 
shows the effect of the separation distance between crack, 2a, on the normalized 
stress intensity factors. The effect of the thickness of the central layer on the 
normalized stress intensity factors is more significant if the distance between cracks 
is smaller. 
The stress intensity factors are also shown to depend on the stacking sequence 
of the laminate. The effect of the various stacking sequences on the normalized 
stress intensity factors is shown in Fig. 5.3. The result shows that, when the 
cracks are located in the middle of the central layer, the values of the normalized 
stress intensity factors in the laminate with the stacking sequence of [boron/epoxy, 
graphite/epoxy, boron/epoxy] are lower than the normalized values in the laminate 
with stacking sequence of [graphite/epoxy, boron/epoxy, graphite/epoxy]. Conse­
quently, [boron/epoxy, graphite/epoxy, boron/epoxy] laminate containing cracks in 
the central layer has better fracture resistance than [graphite/epoxy, boron/epoxy, 
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graphite/epoxy] laminate containing cracks in the central layer. Because of the 
complexities of the expressions given in Appendix I, it seems to be very difficult 
to examine the exact effect of the variation of material constants has on the stress 
intensity factors of the sandwiched laminate. 
In numerical calculations, the effect of the variation of the thickness of the outer 
layer on the value of the normalized stress intensity factors is shown to be relatively 
small compared to the effect of the variation of the thickness of the central layer. 
The crack surface openings, normalized by o/cgg which is the ratio between the 
opening pressure and the in-plane shear modulus of the central layer, are calculated 
numerically for various thicknesses of the central layer. If the separation distance 
between cracks is taken to be two-tenth of the crack length, typical normalized 
crack shapes for cracks located in the middle of the central layer of [graphite/epoxy, 
boron/epoxy, graphite/epoxy] laminate are shown in Fig. 5.4. The crack surface 
opening is asymmetric in its shape. The crack surface displacement near the inner 
tip is higher than that near the outer tip. The maximum crack surface opening, 
instead being in the center of the crack, shifts toward the inner tip due to the 
interaction between the cracks. For the purposes of comparison, the crack sur­
face opening in an infinitely large boron/epoxy plate is also included in Fig. 5.4. 
When the thickness of the central layer increases, the crack surface opening de­
creases. Eventually, the crack surface opening in the boron/epoxy central layer 
of [graphite/epoxy, boron/epoxy, graphite/epoxy] laminate approaches to that in 
an infinitely large boron/epoxy plate if the thickness of the boron/epoxy layer is 
large enough. The shapes of deformed crack for the cracks located in the mid­
dle of the central layer of [boron/epoxy, graphite/epoxy, boron/epoxy] laminate 
73 
are very similar to the shapes of deformed crack in [graphite/epoxy, boron/epoxy, 
graphite/epoxy] laminate if the corresponding geometries of both laminates are the 
same. 
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6 GENERAL SUMMARY 
Fracture of a pair of collinear cracks in various materials, such as an isotropic 
strip, an orthotropic strip, a bonded isotropic adhesive layer, and sandwiched or-
thotropic layers, is investigated. The crack surfaces are subjected to an arbitrary 
opening pressure p{x). The problems are formulated in terms of Fredholm integral 
equation of the second kind by making use the techniques of Fourier transform and 
finite Hilbert transform. In case of uniform opening pressure p{x) = a, exact expres­
sions for the stress intensity factors and the shape of deformed crack are obtained. 
Numerical calculations are carried out to study the effects of the various boundary 
geometries and material properties on th fracture behavior of the chosen materials. 
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8 APPENDIX A 
The expressions for o?2i, (^22' ^21C"^)' ^22('^)' ^21' ^22 
oo 1 
^21 = / (<?1^12 + 03^22)/ 
< 2 - t 2  
1-/2 
c?< 
+(<?2^12 + 04^22) / 
'22 = /[Wl^l2+03/22)/^^=^P^< 
00 
G2l(z) = + 03(^21 + hn)  
k 
+ 
1 
I  sinh{^t )^  -
[Qzihi  + hR)  + Qi ihl  + hR)  
/> i2  _  fg2 \  
J 3inhl i t \  _  ^ 2  
(8.1) 
(8.2) 
(8.3) 
00 
<22(2) = j  {[QiihL + hR) + Qsihi + hR) 
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sinh{^t)  
di  f  ,  ^ I ^(1 -<2)((2 _ p) 
Q2ihL + hn)  + + hR)  + 
1 
sinh{^t)  
di  \d^ 
where 
Qi  
. - iw 
A 
, - iw 
I /(I - i2)(/2 _ ^.2) 
1 
^21 = jff2l(%)d: 
k 
1 
^22 = / G22(2)d; 
+ 2 — 2w)cosh{^w) + — 2w)^sinh{^io)] 
(8.4) 
(8.5) 
(8.6) 
(?2 = —^—[(2 — ^u')co5/2.(^tt') + (1 — ^w)sinh{^w)] 
Qs = ^ [(1 — ^w)cosh{^iu) +  ^ tvsinh{^iu)] 
f 2 g — 2 ^ w  
Qi = --T" 
A = + cosh{^w)sinh{^w) 
TT 
I 
Il2 = j  cosh{^sirf id + k'^cos^6)dd 
0 
(8.7) 
(8.8) 
(8.9) 
(8.10) 
(8.11) 
(8.12) 
^22 ~ j  cosh{^sin^O + k'^cos^O)sinh[^sin^O + k^cos^9)dd (8.13) 
0 
X 
h i  =  f  i ^ - y )  
k 
2ifJ{l  -  .r2)(a;2 _ ^.2) 
^(y2 _ A;2)(l - !/2)(a.2 _ y2) 
sin/i(^y) 
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\/(l - y ^ ) { x ^  -  A:2) + y j { y ^  -  k ' ^ ) { l  -  x ^ )  
+^ln—j= — , == 
\/(i - -\/(y^ - ^•^)(i -
coa&(fy) 
1 
^2/ (8.14) 
v/(l - a:^)(î/^ - +\/(z2 - fc2)(l - ^  
\/(l - j2)(y2 _ ^2) -^(x2 _ _ ^2) 
—(f/n 
c o s h { i y )  d y  (8.15) 
2^(1 - .t2)(.-C2 _ ^.2) 
I ~ ~ +\/(^^ ~ ^^)(l -
/(I - (/^)(r2 - fc2) -\/(y2 - A;2)(l - .^2) 
[2^coaA((i/) + ^^ysm/i(fy)]|ci2/ (8.16) 
_^/„v (^iH5E2H51jV5H3KE3 
\/(l - •ï^)(y^ - -\/(x2 _ A?2)(l - y2) 
[2^cos/?(^i/) + Ç^i/sin/2(^y)]|c?î/. (8.17) 
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9 APPENDIX B 
The expressions for t/jj, and (j = 1, 2) 
oo 1 
4; = / (Ql42 + W22)/ a*" 
+ (^2^12 + <?4^22)/ 
k 
- i j { ^ )  = J [ [ Q i i h i  +  h R )  +  Q ^ i h i  +  h n )  
0 
1 
QlihL + hR)  + QiihL + -^27?) 
J  sinh{^t )e^  -_-^^ j{ t )d i^d^  
k 
+ 
1 
% = / 
(9.1) 
(9.2) 
(9.3) 
where Q's and /'s are defined in Appendix A. 
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10 APPENDIX C 
The expression for d!^ -, e^j(.T), and (j = 1, 2) 
oo 
4; = / (Ql42 + 93-^22)/ 
0 k 
1 
+  i Q 2 h 2 - ^ Q 4 h 2 ) j  ( 1 0 . 1 )  
oo 
4;(^) = + hn)  + Qsihi  + hn)  
I  sinh{^t )e '^  ._^^ j{ t )d t  
Q2ihL + hn)  ^  QdhL + ^R) 
J  sinh{^i )e '^  ._^^ j{ t )d t^d^  
1 
^ i j  =  f  
k 
k 
+ 
1 
(10.2) 
(10.3) 
with the initial expressions 
oo 1 
4i = J [iQih2 + Q3h2)j 1 - dt 
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I 
+{Q2h2 + 04^22)/ s inh{^t )^  
1 - ^ 2  
dt di  
^22 -
_ / 2  
-dt 
t^ )  
HQ2h2^Q4l22) f j^^^  
<2) 
:C?< d^ 
(10.4) 
(10.5) 
'2l(z) 
A; 
+ 
1 
-22(2) = 
/ I Qi(-^ii + hn)  + Qsihi  + ^ R) 
0 } '  l _ < 2  
J  s inh{^t )^  ^2  _  ^.2  
[<?2(AX + 4^) + '?4(^2J[: + ^2jz) 
J  sinh{^t}^  ^2  _  ^2^4^^  
k  
/ { [^1(^1 + 4^) + Q3(^2Z + -^2i?) 
r sinh{^t)dt  
l^{ i - t i ){ t^-k^)  
-r [^2(42 + 4^) + Q^ihi  + hu)  
sinh{^t)dt  r SI 
/ v ^ ( l - f 2 ) ( ^ 2 _ ^ . 2 )  
(10.6)  
(10.7) 
'21 j  e'2i{x)da (10.8) 
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1 
^2 = / C2%(a)dz (10.9) 
k 
where Q's and /'s are defined in Appendix A. 
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11 APPENDIX D 
The expressions for d*j^ e*j{x),  and S*j (j = 1,2) 
oo 
' ' ' j  = / (Qt^  + QPh^J 
+ (^2^12 + ^4-^22) / (11.1) 
* / \ ^ / { + ^ ir) + <33^2(^2^ + ^2J?) 
0 
/ s inh{( i32t)e*^  -_-^^ j{ t )d t  
j  s inh{^ i3 i t )€ j ^ , . _ ^^ j { t )d t ^d^  (11.2) 
^ij  =  j  e]j{x)dx 
k 
(11.3) 
with the initial expressions 
J* 4 
'hi = 
 Tr r 
J  ((?i-^i2 + *93^22)y 
/ 2 - t 2  
1 - ^ 2  
dt 
a to* to 
to* 
O) to* 
8-
to 
to 
%-to 
3 3-
5>> 
l\3* 
OO* 
3 
J-r, 
tc, 
to 
to 
%-to 
PL 
O) to* PL to* to 
+ 
to* 
"Cu 
+ 
+ 
to* b-1 
+ 
tv^ * 
k) 
3 3-
I 
to 
to to 
PL 
t—» * 
E? 
+ 
*^ 
+ 
o CO* 
3: 
to* 
tr-H 
4-
t^ * 
to* 
00 C7l 
U r n )  
( 9 T - I I )  
dp {nig-^yi isoo 
- i)(g-7 - (g-7 - - T)/^ 
- T)(g-7 - E')/A+ (g-7 - - l)/^ 
(g? - - i ) f^z  
{ x - n )  j  =  
f ip { f i lp '^)  1(800 
~ ~ (g? ~ g^)(g^ ~ t)A  %?W-
(/J%'5)Î/mîs> 
- ga;)(^/? - x)(g^ -
(g-7- g^-)(g^-- T)/^g' 
(/Î - a") / = 
u 
( O f x i )  Qp[0^soo^>i +  0^uisAZ0)ysoo j  = 2g 
( ^ r n )  
( e r n )  
( s r n )  
( T I ' T T )  
( o r i i )  
u 
dPiOz^°^Z^ + e^uts  ^ l f j^ )ysoo.  I  = Zl  
* V  
IçIZ){ZY + %) 
*v 
+ l) 
iV 
+ mp)nUls]Zçf ly{ lY  + l )  
*v 
Sf/X)(lY + t) 
là  
Eo 
Eô 
lô 
3J3lfM 
(6-Tl) x p { x ) Z Z 9 j  =  Z Z n  *3 
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2yJ{l  -  a;2)(a;2 -
4Ï? A;2)(1 - j/2)(aj2 _ ^2) 
\J{1  -  y2)( . 'c2  -  f c2)  (y2  _  _  a;2j  
\/(i - -\/(y^ - ^•^)(i - 3=2) 
cosh{i^2y)  
1 
/ (y - 2^(1 - a;2)(a;2 _ ^2) 
Â;2)(l - y2)(,y2 _ a.2j 
s inh{i l3oy)  
- i l32ln  
\ /{l  -  z2)(y2 _  ^ .2) +y^(.r2 _ fc2)(i  _  .^2^ 
\/(l - .r2)(y2 _ ^2) -^(^2 _ A;2)(i _ y2) 
cosh{^(32y)  dy. 
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12 APPENDIX E 
The expression for d*j,  e*j{x),  and 6*j (j = 1, 2) 
d?; == 4 
oo 
/ (Ol% + 03%)/ 
4- (^2^12 + ^ 4-^22) / di  (12.1) 
=*( 
1 
J  sinh{^/32t)e*^l_-^^^ j{ t )d t  
+ ^ li?) + Ql^2i^2L + ^ 2R^ 
j  sinh{^l3it)e '^ ' ._^^j{t)di^d^ 
+ 
1 
(12.2) 
^i j  = I  
k 
(12.3) 
with the initial expressions 
. 0 0  1  
4l = I  [(Ql% + Qph)I  1 - M f2Tl2 dt 
89 
+(^2-^12 +  ^ 4^22)  J  ^2 _  ^ 2^^  
k 
d^ (12.4) 
oo 
J*f 
h2 
1 
'"M"":':"/##, dt dî  (12.5) 
+ ^Ir )  + QlWil  + ^2R)  
1 
J  sinh{^/32t \  
1 - ^ 2  
(2 -
+ + Q%(4z + ^ 2#) 
<22(2) 
j  sinh{(f3it \^ 
k 
j  I QiWiL + -^li?) + 03/^2(^21 + 4^) 
r SI 
I  \ f { l^  
sinh{^(32t)  dt 
+ 
1 
V'(l -<2)(i2 _ t2) 
^2^1(^11 + ^ li?) + <?3^2(^2i + ^ 2^) 
s inh{(!3i t )  r SI 
I V ' ( l - i 2 ) ( < 2 _ ^ . 2 ) '  
(12.6) 
(12.7) 
r*/ 
^21 / (12.8) 
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1 
^22 = / 222(2)^2 
k  
where Q*'s and /*'s are defined in Appendix D. 
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13 APPENDIX F 
From the boundary conditions in Eqs. (4.4) and (4.5), the unknowns A2 and C'2 
can be written in terms of and D-^  as 
^2 = Çp'll + 92-^1 + 93^1 + 94-^1 (13.1) 
^'2 - %''^1 + 96^1 + 97(^1 + 98-^1 (13.2) 
where 
91 = 
92 = 
93 = 
94 = 
95 = 
96 = 
97 = 
98 = 
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The parameters, h j  (j = 1, 2), are defined as 
h j  =  — ,  j  =  1, 2. (13.11) 
From boundary conditions in Eqs. (4.6) and (4.7), we have another set of 
equations: 
b i i A i + b i 2 B i  =  h ^ C i + b i ^ D i  ( 1 3 . 1 2 )  
621.41+622^1 = ^23^'l+^24^1 (13.13) 
where 
hi  = [(1 + ^ l)(l +'^2)(^1+^2) - ^ '^^1(1+/^2)(1 +-^2) 
-  A ; / 3 2 ( 1 - / ^ i ) ( l + A i ) j e - ^ ' '  ( 1 3 . 1 4 )  
^12 — {(1 +'^l)(l +'^2)(''^1 +'^2)[~2(1 — i^) + — fc/3]^(l + A2)[—/^2 
+ (1+/J2)(/,] _t/)2(l + Ai)[/3l +(1 (13.15) 
Hz — [-(1 + Ai)(l + A2)(/^1 + ,^2) + A:/^%(1 - /^2)(1 + ^2) 
+ 6/92(1+/^l)(l + Ai)]e^^ (13.16) 
614 = {-(1 + Ai)(l + A2)( + ,^2)[2(1 — '-/) + + ^ /^i(l + A2)[-/32 
+ (1 + A'^2(l + '\l)[/)l + (1 + (13.17) 
^21 = [(1 + '^l)(l + ^2)(^1 + :^2) + ^A]^(l + ,j2)(l + ^ 2) 
-  t A 2 ( l - / 9 i ) ( l + A i ) j e - ^ / '  ( 1 3 . 1 8 )  
^22 = {(1 + ^l)(l + '^2)('^1 '^2)(1 - 2;/ + ^/() + A;A]^(1 + A2)[-/^2 
+ (1 + /^2)(^] " ^ ^2(1 '^l)[/^l + (1 " (13.19) 
^*23 = [~(1 + ^l)(l +'^2)(^1 + ^ 2) ~ ^'^1(1 ~ ^^2)(1 + ^ 2) 
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4- A:A2(1 +/?2)(1 + (13.20) 
^24 = {~(1 +'^l)(l +'^2)(/^l +/^2)(1 •" + ^ /i) + A:Ai(l + A2)[-/?2 
+ (1 - + &^2(1 + ;\l)[/)l + (1 + (13.21) 
k = E 
cqq{1+u)' 
Thus, A2 and can be written in terms of C'l and D-^ as 
1 
.4i = 
Bi  = 
(h3^22 - ^ 2^23)^1 + (^4^22 " ^12^24)-^! 
(^11^23 - ^13^21 )(^'l + (^11^24 - ^14^21 )^1 J_ 
^11^22 - ^12^21 
Finally, from the boundary condition in Eq. (4.3), we obtain 
— ^4]^ + + O'j + Di = 0. 
Putting Eq. (13.26) together with Eqs. (13.23) and (13.24) yields 
£>1 = r iCi  
.4i = rQC' i  
B i  = r^C' i  
where 
ri = Cl3°22 -
611624 -
1 • 
r2  = ^13^: 
1 r 
'•3 = 6i i6j  ^11^23 ~ ^13^21 + ''1(^11^24 - ^14^21 )]' 
(13.22) 
(13.23) 
(13.24) 
(13.25) 
(13.26) 
(13.27) 
(13.28) 
(13.29) 
(13.30) 
(13.31) 
(13.32) 
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Similarly, the unknowns A2 and C'2 can be written in terms of C\ if the 
expressions in Eqs. (13.26), (13.27), and (13.28) are substituted into Eqs. (13.1) 
and (13.2). 
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14 APPENDIX G 
The expressions for ëij{x), and Sij (j = 1, 2) 
b oo 
di j  = 
èi j{x)  = +ri j i )d^J  ë^-_^^j{ t ' ^ )s in{( t )d t  
0 
oo 
)sin{^t)dt  
4"; = / 
with the initial expressions 
oo 
4l = ^ ^2 _°2 M 1-^2^1 
0 « 
oo 6 
< 2 - o 2  
^22 = 
sin{^t)dt  
i  sj{ t^  -  a2)(62 _ ^2) 
6 
G2l('C) = -^J^ '^^ ihL + hR)d^f \^  
0 
oo 
2 
TT 
1 
0 
oo 
< 2  _ ^ 2  
P -^s tn{^ t )dt  
'21 j  ë2 i {x )dx  
(14.1) 
(14.2) 
(14.3) 
(14.4) 
(14.5) 
(14.6) 
(14.7) 
(14.8) 
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where 
^22 = / 
k 
(14.9) 
42 =\ -
c o s { i y ) y d y  
\/(6^ -y^){y^  - a ^ )  
(14.10) 
=  y - J  i ^ - y )  
a  
27^/(6^ - a:2)(z2 - a^)  
\/(y^^-a2j(P"^^'^(a;2 - i/2) 
sin{iy) 
^(62 _ y2)(^^2 _ ^2) +y/(y2 _ a2)(j2 _ .^2) 
+ c/n =cos(fy) 
\/(^2 - y2)(^^2 _ q2) _ _ y(y2 _ a2)(52 _ _p2) 
b 
dy (14.11) 
= \ I -J  iy-^)  
X 
2yJ{b '^  -  a;2)(z2 _ ^2) 
•\/(y2 _ a2)(62 - y2)(.y2 _ a.2) 
5in(^y) 
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15 APPENDIX H 
The expressions for d'-, ê'-(.c), and (j = 1, 2) 
oo 
•I 4: 
' ' i j  = 
0 
oo 
' i jM 
V 
^ b 
^ I ^ ^HhL + hR)^^ J 
^ 0 a 
1 / è ' i j {x)dx  
with the initial expressions 
^21 
oo b 
juh2<ii j \  
n  a  
6 2 - / 2  
-g Tysin{( t )d t  
M — 
sin{^t)dt  
ë '  
0 
oo b 
2 i ( ^ )  =  j  +  h R ) ^ ^ j \ ^  
0 
oo 
6 2 - < 2  
-p ^s in{^ t )dt  
M -
sin[^t)dt  
1 
%i = / 
(15.1) 
(15.2) 
(15.3) 
(15.4) 
(15.5) 
(15.6) 
(15.7) 
(15.8) 
1 
%2 = / 
k  
where /'s are defined in Appendix G. 
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16 APPENDIX I 
Form the boundary conditions in Eqs. (5.8) and (5.9), we have 
A* = piC'*+P2-D* (16.1) 
B* = p^C*+P4^D* (16.2) 
where 
I»" 
The parameters, Hj (j = 1, 2), are defined as 
Hj = i = 1, 2. (16.7) 
From the boundary conditions in Eqs. (5.6) and (5.7), we have 
HiC*+âi2D* = (1 + Ai)(ge(^l + Ae'^^l) 
+ (1 + A2)(De(^2 +Ce-(^2) (16.8) 
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â2iC*+â22D* = - Ae-^^1) 
+ -Ce-^h)  
where 
where 
(16.9) 
âii = (1 + + pge^^l ) + (1 + (16.10) 
«12 = (1 + Aj)(p2e~^''l+P4e^^l) + (1 + A^)e^^2 (16.11) 
«21 = (16.12) 
«22 = +P4#Î) + (16.13) 
Pi P2 
The parameters, /i^ (j = 1, 2), are defined as 
= A, ; = 1, 2. (16.14) 
Thus, C* and D* can be expressed in terms of .4, B,  C,  and D as 
C* - qiA + q2B + q2Ci-q^D (16.15) 
D* = q^A + qQB + qjC + qgD (16.16) 
91 = %—^(1 + Ai)(|(^ia22 + «12)^ (16.17) 
' ^aPl  
92 = + ^ l)(A«22 - «12)^^^^ (16.18) 
93 - ^"^(1 + ^2)(/^2«22 +«12)^ (16.19) 
^aP2 
94 = =r^^(l + A2)(^2«22 " «12)^^^^ (16.20) 
^aP2 
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9 5  =  - ^ ^ ( l  +  ^ l ) ( / ^ 1 0 2 1 + â i i ) e ~ ^ ^ l  ( 1 6 . 2 1 )  
96 = +^l)(/^lÔ21 - âii)e^'^l (16.22) 
97 = + ^ 2)(/)2^21 + âii)e-^^2 (16.23) 
' ^aP2 
98 = ~^^iD (1 + ')^2)(/^2°21 - ân)e^^2 (16.24) 
Aa = ^11^22 - a2iai2- (16.25) 
From the boundary conditions in Eqs. (5.4) and (5.5), we have another set of 
equations: 
bnA+1)12^ = ^13^' + ^ 14^ (16.26) 
621-4 + 6225 = 623C + 624D (16.27) 
where 
611 = e ^^1(P191+P295) + e^''MP39l+P495) 
+ e ^^2,2 + e^4gg _ (16.28) 
*^66 
^12 = G ^^1(^192 + P296) + G^^1(P392 + P496) 
* 
+ e ^^2^2 + e^^2gg _ (16.29) 
^66 
1^3 = +P297) - e^ l^(P393 +P497) 
- e - e^^2gy + ^e-^/^2 (16.30) 
*^66 
614 = -e '^^l(pi94+ P298) - e^''l(?394 +P498) 
- - e^^2gg + 566g(/i2 (16.31) 
^66 
^21 = -;^e~^^MPl9l+P295) + ^^^^MP391+P495) 
Pi Pi 
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- + (16,32) 
H2 ^2 ^66^1 
h2 = -;^e~^'^l(pi52+P296) + +P496) 
Pi Pi  
- ^^"^^292 + ^e^^2gg _ (16.33) 
P2 P2 %6P1 
hs  = (Pi93 + P297) - (P393 + M?) 
Pi Pi 
+ #6-^4,3 _ M/4,, _ &|2^_f,2 (16.34) 
P2 Pg %QP2 
^24 = ;^G"^^l(Pig4 + P298) " ^ G^^1(P394 + P498) 
Pi Pi 
+ ^^-^''294 _ ^/4gg + (16.35) 
P2 P2 ^66P2 
Thus, A and B can be written in terms of C and D as 
A = i [(^22^13 - ^12%)^' + (^14^22 " ^2^24)^] (16.36) 
B = ^[(hi^23 - ^2lh3)<^'+ (hl^24-h4^2l)-^] (16.37) 
= kl^22 -^12^21- (16.38) 
Finally, from the boundary condition in Eq. (5.3), we obtain 
^  +  ^ 1 ( _ A 4 - B )  +  L ^ ( - C  +  I > )  =  0  ( 1 6 . 3 9 )  
h f^2 
Solving Eqs. (16.39), (16.36), and (16.37) yields 
C = r iD (16.40) 
. 4  =  r 2 ^  ( 1 6 . 4 1 )  
B =  r g D  ( 1 6 . 4 2 )  
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where 
r i  = 
f2 = 
rs = 
m = 
7n(-622^14 +^^12^24 +^>11^24 ~ ^21^14) -_^b 
Mh2h3 - ^12^23 - hl^23 + ^ 21^13) " 
(^13^22 - ^12^23)^1 + ^ 14^22 " ^12^24 
b 
^ (^11^23 - ^13^21 )n + hl^24 - ^14^2l] 
/^2(1 + •^l) 
(16.43) 
(16.44) 
(16.45) 
(16.46) 
+  ^ 2 )  
Similarly, the unknowns A*, B*, C*, and D* can be written in terms of D if the 
expressions in Eqs. (16.40), (16.41), and (16.42) are substituted into Eqs. (16.15), 
(16.16), (16.1), and (16.2). 
